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Estimation of the Length and Orientation of the Line
Between Two Closely Co-Orbiting Satellites

Joun HrasTAR*
NASA Goddard Space Flight Center, Greenbelt, Md.

The problem of estimating the baseline length and orientation using a combination of on~
board sensor data and processed ground tracking data is considered. A minimum number (3)
of simple onboard sensors is assumed. Some of the variables are assumed to be estimated
from ground-tracking information only. These estimates become part of the observations,
along with the onboard sensor outputs, for estimation of the remaining variables. A linear
estimate of the remaining variables is derived via a Kalman filter. This sequential processing
obviates the need for the simultaneous processing of ground track and onboard data. The
importance of deciding which variables are to be estimated from the ground and which are to
be estimated using the combined data is discussed. An example demonstrates that baseline
length and orientation can be estimated within a few feet and fractions of a degree.

Nomenclature

nominal base line length

baseline length

estimate error

observation matrix

filter gain

covariance matrices of the estimate error, dynamic,
and measurement noise, respectively

nominal orbit radius

state vectors for satellites A, B, respectively

time

system dynamic noise

Sensor noise

inertial axes

state vectors

state variables

output vector

distance from nominal orbit plane

angle between baseline and nominal orbit plane

angle of baseline in nominal orbit plane relative to
inertial axes

= angular location of B satellite with respect to A satel-
lite

orbital angular location of the satellite

gravitational constant

correlation coefficient

standard deviation

sample interval

state transition matrix

state vector for yaw dynamics

satellite yaw angle

orbital rate
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Subscript
A, B = satellites A and B, respectively

Introduction

ECENTLY, interest has been expressed in using pairs
and even clusters of satellites in close proximity to per-
form a variety of space missions.m? One particular area in
which dual satellite systems should prove very useful isin low-
frequency radio astronomy. A pair of satellites may be used
as an interferometer to synthesize a large aperture radio tele-
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scope.2®  As the pair moves in orbit, the location and fre-
quency characteristics of various radio sources may be deter-
mined.

The satellites in these systems may be tethered,* thereby
forming a very large “dumbbell” satellite, or they may be co-
orbitingf but physically separate. In either case, however,
when the pair of satellites is used as an interferometer, the
length and orientation of the line between them (the baseline)
must be determined to a relatively high degree of accuracy.

The problem considered here is the estimation of the base-
line length and orientation of two separate but co-orbiting
satellites. The basic assumption is that the baseline is small
compared to the orbit dimension. For example, the radio
astronomy mission may call for an altitude of 8000 miles and
baseline of only one or two miles. Because of the closeness of
the two satellites the baseline length and orientation cannot be
adequately estimated from ground-based measurements
alone. Small errors in estimates of the position vectors of
each satellite reflect as large errors in the baseline orientation
estimate. Thus, there is a requirement for some onboard
sensors. The baseline length and orientation could be deter-
mined with an intersatellite ranging sensor and an optical
sensor on one satellite viewing the second one against the star
field background (the latter sensor determining baseline
orientation). In this case onboard sensor data alone would
solve the problem. An optical sensor of this type, however,
does not presently exist. The approach here was to use
simpler, state-of-the-art sensors. These sensors, however, do
not provide enough information to make the system observ-
able. The solution of the problem, therefore, lies in the
combination of the onboard sensor data and ground tracking
data.

The problem is formulated in terms of the small perturba-
tions from the nominal circular orbit common to both satel-
lites. The orientation of the baseline may be described by
two angles, one in the nominal orbit plane and one between
the baseline and this plane. The linearized equations for the
in-plane and out-of-plane motions are not coupled. The
problem is therefore reduced to two simpler ones. The state
variables are defined as the sums and differences of the satel-
lite positions and velocities. Some of the variables are esti-
mated using processed ground-based measurements. These
estimates, along with the onboard sensor information, are

1Co-orbiting is taken to mean the two satellites are in t.he same
nominal orbit, and the difference in the times from perigee is a
constant.



OCTOBER 1970

used to estimate the remaining variables. The estimates of
the two angles and baseline length are derived from the state
variable estimates.

Problem Formulation

Assuming a circular Earth the inertial frame to be used as a
reference is the XY Z frame where X and Y define the nominal
orbit plane and the origin is at the center of the Earth (Fig. 1).

The orientation of the baseline relative to this frame may be
described by the angles 3'and y. Beta is the angle between
the baseline and the X-Y plane and v is the angle between the
baseline planar projection and the X axis (Fig. 1). These
angles and the baseline length b may be determined from the
variables shown in the figure. Thus the estimates of v, 8,
and b are functions of the vectors locating the satellites A and
B in the XY Z frame.

The Egs. of motion of each satellite with respect to this
frame are

R —R6* + uR/(R> + 2% =0 (1a)
R+ 2RO =0 (1b)
i 4 pz/ (R + 22)%t = 0 (1c)

In Eqgs. (1) cylindrical coordinates are used where B and 6
are in the X-Y plane and z is the distance out of the plane.
The gravitational constant is u. ‘The state variables for the
A satellite are defined as components of the vector g. ¢ =
R4, Q2 = Roba, ¢s = Ra, ¢4 = Rfla, ¢z = 24,5 = 2a. The
state variables for satellite B are similarly defined as com-
ponents of the vector p. Components of the vectors ¢ and p
are indicated by numerical subseripts. The nominal orbit
radius is Bo. When the Egs. are linearized with respect to the
nominal circular orbit, the system Egs. are

() = B + uld) (20)
i) = D000 + u() (2b)
s = 10 [ 29+ 000 ®

In Eqs. (2) and (3) dq(¢) and 8¢(t) are the first variations of
¢(t) and p(¥). The dynamic noise is u(f) (the same for both
satellites because of their proximity) and the sensor noise is
v(f). The state transition matrix ®(t,f) is listed in the Ap-
pendix. The lack of coupling between the planar variables,
8qu, dp1—-8qs, 6ps and the nonplanar variables 8¢s,8ps,0¢s,0p6 is
evident.

To determine the relationship between the output vector
dy(t) and the state vectors the matrix H(f) must be defined.
This requires definition of the sensors. The following sensors
are assumed to be located on A: 1) an intersatellite range
sensor measuring baseline length b; 2) a yaw sensor measur-
ing the A satellite yaw angle ¢ (the attitude angle around the
orbit radius vector); 3) An optical “B-tracker’”” locating the B
satellite with respect to the A satellite attitude reference
frame. This measures the angle . The latter two angles are
shown in Fig. 2. Both ¢ and % are nominally zero. The 7
sensor is assumed to be independent of the small variation in «.

The relation between the state variables and the observ-
ables [6y(t)] may be determined from the geometry of the
problem. As a function of the state variables, b is

b= {g®+ p? — 2qp: cos[(gz — p2)/Rol +
(s — ps)?}¥2 4
The first variation in b is therefore
8b = (81 + Op1) sin(A8/2) + (8qe — 8ps) cos(AB/2) (5)

where Af is the angle subtended by the nominal baseline B,
when A and B are in the nominal orbit, i.e., sin(A8/2) =
By/2R,. Equation (5) is independent of the z variables,
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NOMINAL CIRCULAR ORBIT

Fig. 1 Orbital configuration of the dual satellite sys-
tem.

dgs and dps. The intersatellite range sensor is the only on-
board sensor required for the estimation of & and y. That
the estimate of b may be derived from this information is
obvious. It will be shown that the 4 estimate may also be
derived using only the intersatellite range information (b
measurement) and processed ground tracking information.

The angle 8 is expressed as a function of the state variables
as follows

B = sin"i((ps — ¢)/{e® + p* — 2qp1 X
cos[(gz — p2)/Ro] + (@5 — @)% V?) (6)

This angle is not directly observable but is related to the
angles ¢,y (Fig. 2)

B=n—y M

Using Egs. (6) and (7) the first variations in the observables
¢ and 7 are 8¢ and

on = 8¢ + (1/Bo)(8ps — 8gs) ®)

The introduction of 8y requires the introduction of the linear-
ized yaw attitude dynamics

OW () = Ps(t,10)0¥ (fo) + w(t) 9)

where 8% (¢) is the r X 1 state vector with 8y as its first com-
ponent and w(f) is the dynamic noise. The corresponding
transition matrix is ®s(¢,t).

Examination of Egs. (5) and (8) shows that planar and
nonplanar observations are uncoupled just as the dynamics.
The problem may therefore be considered as two uncoupled
problems. Equations (2) and (3) hold for the planar problem
[but only the first four components of 8q and dp are used and
®,(t,ty) replaces ®(t,tp)]. In the planar case dy(t) = 6b(f),
H = [sin(A8/2), cos(A8/2),0,0, sin(A8/2), —cos(A8/2),-
0,0] and v (?) is the range sensor noise. The tilde (~) refers to
the observable with measurement noise included.

The corresponding equations for the nonplanar problem
are Eqs. (10-12).

240, 5 (1) "0)
[aqsa) Daltie)i O O 5gs(to) us(t)
Sgs(t) | = 0 i®altto)] O | 0gelte) |+ [ us(®) | (10)
lﬁps(t) 0 1 0 Daltite) ll Ops(to) us(?)
dps(t) Ops(to) ue(t)
FIBASELINE/’\

\

A [ 8

NOMINAL ORBIT ﬂjgﬁl_
= Ps
¥
F~
[ T TN v
\

PLANE (g5= O)
i

Fig. 2 Definition of ¢, 7.
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o (1)
&)t 8qs(£) (1)
) =| | = e |+ an
an(6) ops(t) v3(t)
ops(t)
10 --0,0 0 0 0
Hl=[1 0 . 0i—1/By 0 —1/B, 0] (12)

r

The ¢ and 7 sensors have noise components v3(¢) and v;(t),
respectively. The components of v(¢) are all assumed to have
zZero mean.

Planar Solution

Estimates of the variables b and v may be determined as
functions of the estimates of the planar state variables. For
b the relationship has already been shown to be Eq. (5). The
first variation in «y is

oy = —(1/Bo)(8q1 — op1) + (1/2R0)(8¢2 + dp2) (13)

As the problem stands there are eight variables 8¢;,8p:,¢ =
1,4 and one observable éb. With the single onboard sensor,
the system is not observable. Not enough information is
available to allow an estimate of ég and 8p. This problem
may be overcome by redefining the state variables as sums
and differences of the 8¢.’s and dp.’s and then estimating some
of the new variables from ground observations.

Let
8q; — Op: 1 =16 (14a)
nT {5%6 Y opes =712 (14b)
With this change of variables the planar system Eqs. become
2X(t) = Pu(t,lo)x (f) (15)
2} (D) = Bu(tto)a*(t) (16)

8b = x5 cos(A0/2) + a7 sin(A8/2) + v,() (17)

where 21 = [21,22,23,%4]7 and 22 = [27,28,X9,210]7. 1

In order to provide the necessary information to make the
system observable it is now assumed z? is estimated from
ground observations. Thus Eq. (16) is no longer needed.

Note also that 8b contains components from both ! and 2.
Denote the estimate of x; by & and the error in the estimate
by e;.

=% —e t=1]12 (18)
Substituting for z; in Eq. (17) results in

8b = 13 cos(AG/2) + &1 sin(AG/2) —
er sin(A6/2) + v,(1) (19)

At any time the estimate £; is a constant entered from an ex-
ternal source (the output of the z? estimation process).
Thus, it may be incorporated in the measurement 8b. The
statistical properties of e; and v,(f) are assumed to be known,
and e; and »(f) are uncorrelated. Taken together these
terms constitute the total measurement noise. The output
equation therefore reduces to

8b = [0, cos(A8/2),0,0]zt — e; sin(A8/2) + vi(f) (20)

Equations (15) and (20) are in the correct form to allow z?! to
be estimated.
The vector z; may be estimated by means of the Kalman

1 The T indicates transpose.
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filter equations?;

¢+ 1) = &+ L)@ + K¢+ Didy(t + 1) —
H(t + D&+ 1020)] (21)
Kit+4 1) =P+ DAYt 4 1) X
[H 4+ DP.E A+ DHTE 4+ 1) + R+ D] (22)

The covariance matrix of the estimate error P(¢ + 1) is de-
termined by Eqgs. (23) and (24);

P+ 1) = &t + LOPOBIE + 1) + Q1) (23)
P(t+1) = Pt + 1) — K+ DHZG + P+ 1) (24)

In Eqs. (21-24), £(t + 1) is the estimate given measurements
through time ¢ 4 1, £(¢) is the estimate given measurements
through time . The measurement interval has been normal-
ized to one in these equations. The covariance matrices of
the dynamic noise and measurement noise are Q(¢) and E(¢),
respectively. For the planar problem

R(@) = E{[n(t) — e;sin(A8/2)12}

. (25)
= on? + o sin2(A6/2)

In Eq. (25) E{ 1} is the expected value operator and
on? 072 are the variances of the range sensor noise and z7
estimate error, respectively. Since v:(f) and e; are uncor-
related E{v(t)e:} = 0.

By using Egs. (13) and (14) and &' and £2, &y may be
estimated

89 = —(1/By)i + (1/2R0)%s (26)

In Eq. (26) £, is from £, £ is from &2 and &4 is the estimate of
the variation 8. The error of the estimate is e, = §¢ — é&~.
The variance of the estimate error is

o042 = 1%/ By 4+ 05*/4R? — po1os/RoBo 27)

where o,2,05% are the variances of the £; and &g estimate errors
and p is the correlation coefficient between these estimate
errors. Because of the separate processing of ! and £2, p is
not directly available. However ¢,? is bounded by

oy¥2 = 012/By? + 052/4R® + o10s/RoBy (28)

Because of the basic assumption that By < R, it will turn out
that oy* 22 ¢,. This will be demonstrated in the example.
The estimate of 6b and variance of the estimate error are

b = Hi' = cos(A8/2)i, (292)
a3 = cos?(A8/2)c2? (29b)

Nonplanar Solution

The angle 8 is defined as a function of the state variables in
Eq. (6). With the variables defined in Eq. (14) the first varia-
tion is

68 = —xs/By (30)

Thus the estimate of 8 is a function of the nonplanar variable
x5 only.

The system equations for this problem using Eqs. (10-12)
are

0¥ (t) Ps(tlo)i 0 T|o¥ () w(f)
@ | =1 0 @) || |+ |0 31)
%s(t) E xs(to) 0

oW (t)

&y 10 .. 00 0 07| a(® a(t)
R At g B
67 1 0 ... 0i1/By 0_l[ zs(?) s(t)
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Once an estimate of 5 is available (via the filter equations) the
estimate of 6 3 and variance of the estimate error are, respec-
tively,

A

66 = —fs/Bo, O'ﬁz = 0'52/302 (33)

Example

Consider a dual satellite system with the mission of low-
frequency radio astronomy. The co-orbiting satellitesare the
receivers of an orbiting interferometer. In order to deter-
mine the location and frequency characteristics of the emitting
sources the baseline length (b) and orientation (v,8) must be
known.

A digital simulation was carried out using the following
parameters: Ro = 7 X 107 ft, wo = 2.03 X 107*sec™, By =
104 ft, and 7 = 100 sec (sampling interval). The dynamic
noise [u(t)] was assumed to be zero. The measurement
noise [v(f) ] was assumed to be white Gaussian with zero mean
and standard deviations: o, = 5ft, 0w = 0w = 8.7 mrad
(0.5°). The estimate errors of #; and & after processing of
ground based measurements were assumed to have the follow-
ing standard deviations: o7 = 1500 ft, 3 = 300 ft. These
standard deviations (g7,05) are not the result of a particular
study but are reasonable numbers for radius and orbit track
errors given previous spacecraft histories. They include all
the effects of tracking station errors, location, ete.

With Eqs. (15) and (20) defining the system, Eqs. (21-24)
were used to estimate z'. @Q(?) is zero because the dynamic
noise was assumed to be zero. R(t) is defined in Eq. (25).
Since sin(A8/2) = Bo/2R, and By <« Ry, the second term of
R(t) is small compared to the first, i.e., the ground-based
measurement errors had little effect on this estimate. Sample
runs are shown in Figs. 3 and 4. These figures show the
estimate errors of #; and &, (i.e., e; and e;) and their respective
standard deviations. Good estimates of z; and z. are avail-
able after 50 samples (5000 sec). Once the estimates of z!
and x2? are available, the planar variables of interest v and b
may be estimated with Egs. (26) and (29). Using o, and o2
after 50 samples (Figs. 3 and 4) and the assumed g, the
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variances of the v and b estimate errors may be found with
Egs. (27) and (29b). With ¢; and ¢, of 35 ft and 2.5 ft, re-
spectively, oyx = 35 X 1074 rad (0.2°) and ¢, = 2.5ft. Be-
cause By <« R, the last two terms in Eq. (28) are negligible,
ie., the ground-based measurement errors had little effect
on the estimates of v and b.

For the nonplanar case where the angle 8 is of interest,
Eqgs. (31) and (32) define the system. A simple second order
system was assumed for the yaw attitude dynamics [Ds(t,t)].
Equations (21-24) are used to estimate the state vector which
is defined on the left side of Eq. (831). Once this vector is
estimated the 8 estimate and variance of the estimate error
are found using Eq. (33).

Figure 5 shows a sample run. The resulting og after 50
samplesis 25 X 10~*rad (0.14°).

It is important to note that although the ground-based
measurement errors had little effect on these estimates, they
would have had a large effect if ground measurements only
were used. With errors on the order of ¢7,05 the variables
v and b could not be estimated as accurately as demonstrated
in this example.

Discussion

Two points should be emphasized with respect to the
preceding results. There may be cases in which the 3 esti-
mate is not required either because the out-of-plane motion
is not significant or because the sources of interest are in or
near the orbit plane. In this case the quantities of interest v
and b may be estimated with a single on board intersatellite
range sensor; no optical angle sensors (B-trackers) are re-
quired on board the satellites.

Because the onboard sensors provide only part of the in-
formation required to make the system observable it was
necessary to assume other information was available. This
was done by redefining the variables [Eq. (14)] and assuming
z? was estimated from ground based measurements. Instead
of doing this it could have been assumed that one of the vec-
tors g or p is estimated from the ground. This would pro-
vide enough information to allow an estimate of the other
vector. However, the large uncertainty in the radius varia-
tion 8¢ or 8p; reflects directly into 84 as evidenced by Eq.
(13). The resulting o, would be much larger than ., as de-
termined by the described method. Thus, the choice of the
variables to be estimated is important. Since only the sums
and differences of the variables are required to estimate 8+,
8b, and 883, only these are estimated and estimation of the
absolute variations 8¢;,6p; 1s avoided.

Conclusion

The three parameters describing the length and orientation
of the line between two closely co-orbiting satellites cannot
be adequately estimated from ground measurements alone
because small uncertainties in the satellite location vectors
contribute to large uncertainties in the baseline orientation.
A minimum number of simple onboard sensors alone cannot
do the job completely because they do not provide enough in-
formation in themselves. However, by combining the in-
formation provided by three onboard sensors (two angle
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sensors and an intersatellite ranging system) with the pro-
cessed ground tracking information, a good linear estimate of
these three parameters can be obtained. Care must be taken
in defining the variables to be estimated to insure a low error
in the final output.

Appendix
The state transition matrix ®(¢,1,) is

_ ?_1_(!_’?9)_?___9____]
Blbh) = [ 0 @y(tto)
(4 — 3 coswer) 0
_ | 6(sinwgr — wor) 1
Q)I(t’to) - 3(.00 Sinon 0
Bwolcoswer — 1) 0

(A1)

(Sinon ) / Wo
2(coswer — 1)/wp
COSWT
— 2 sinwer
2(1 — coswer)/wo
(4 ginwo‘r — 3wor) /w0 (A2)
2 sinwot
(4 coswer — 3)

J. SPACECRAFT
COSwyT (sinwor) /wo
A
<I>2(If,to) [—0)0 sinon COSWyT ] ( 3)
et (A4)
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Use of Venus Gravitational Field for

Solar Probe Trajectory Control

G. A. MErsov* AND V. A. ParLrippovi
Institute for Space Research, Moscow, USSR

The possibility of use of braking capabilities of the Venus gravitational field for probe
trajectory control is discussed. The control problem consists in minimizing the probe flight
time from the launch moment up to the moment of probe eclipse by the sun. The Earth and
Venus coordinates are computed over the mean Newcomb elements. The probe flight trajec-
tory is considered to be Keplerian and radius of the Venus sphere action is held to be a neg-
ligible. On the basis of the analysis, main characteristics of the flight trajectories as well as
their interrelations are determined. The efficiency of using the Venus gravitational field is
evaluated according to the velocity required for placing the probe into the flight trajectory

and for trajectory correction.

Nomenclature

(70} = gemimajor axis of probe’s heliocentric orbit after
Venus flyby

a,r,V = semimajor axis of Venus orbit, distance from Venus
to the sun, and Venus velocity vector at the mo-
ment of probe’s impact of Venus, respectively

R = Venus radius ‘

to = probe transfer time from the Earth to the moment of
probe eclipse by the sun

to = probe transfer time from the Earth to Venus

to,ts = probe transfer time from the Earth to a probe

orbit ascending and descending ecliptic nodes,
respectively
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too,les = Earth transfer time from departure date to
probe orbit ascending and descending
ecliptic node, respectively

To,Te = sidereal and synodic periods of a probe’s
heliocentric orbit after Venus flyby,
respectively

grad;To,gradsTo = gradients of probe orbit period at the mo-
ments of both the first and the second
corrections in probe velocity at the same
moments, respectively

grad;to = gradient of probe flight time from the
first correction moment up to the mo-
ment of the eclipse node passing in the
probe velocity at the first correction

moment

Ve = velocity of a probe with respect to Venus
upon the sphere of its action

Vo1, Vo, = vectors of probe velocity with respect to

Venus upon the sphere of its actior} be-
fore and after Venus flyby, respectively

Te = velocity of a probe with respect to the
Earth upon the sphere of its action

Ve, Vy = projections of Venus velocity vector along
Ot and Oy axes, respectively

Ap = maximum deviation of a point of impact

from an aiming point on target plane



